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A BA¨CKLUND TRANSFORMATION BETWEEN
4D MARTI´NEZ ALONSO – SHABAT AND
FERAPONTOV – KHUSNUTDINOVA EQUATIONS
BORIS KRUGLIKOV † AND OLEG MOROZOV ‡
The aim of this note is to construct a Ba¨cklund transformation be-
tween the Lax-integrable 4-dimensional equations
uty = uz uxy − uy uxz (1)
and
uyz = utx + ux uxy − uy uxx (2)
introduced in [4] and [1], respectively. Equation (2) has the following
Lax pair [1]: {
vt = λ vy + uy vx,
vz = (ux + λ) vx.
(3)
with non-removable parameter λ. Excluding u from (3) and normaliz-
ing λ = 1 in the resulting equation by re-scaling we get the equation
vx vyz = vx vtx + (vy − vt) vxx − (vx − vz) vxy. (4)
Thus the differential covering (3) (in terms of [2]) defines a Ba¨cklund
transformation between equations (2) and (4).
Proposition. Equations (1) and (4) are point equivalent.
Proof. Prolongation of the transformation ψ : R4 × R→ R4 × R
ψ(t, x, y, z, v) = (t, z, u, y + t,−x) (5)
maps equation (4) to equation (1). q.e.d.
Corollary. The superposition of (5) and (3) defines a Ba¨cklund
transformation between equations (1) and (2).
Let us explain how we came to the existence of this transformation.
We computed the contact symmetries of some integrable equations.
The infinite part of the symmetry group is parametrized by 3 copies
of group Diffeo(R1) ⊗ˆC∞(R1) consisting of 1-parametric diffeomor-
phisms of R1 (can be changed to S1); its Lie algebra is identified
with the space of 1-parametric vector fields in 1D: Q = {a(x, y)∂x} ≃
1
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C∞(R2) (here R2 = TR1 can be changed to TS1 = S1 × R1) with the
Lie bracket
[a(x, y), b(x, y)] = a bx − axb.
Everywhere below ai ≃ Q will be the graded pieces of the infinite part
s∞ of the symmetry algebra g. The upper index indicates the different
commuting copies of the graded subalgebras, i.e. [gαi , g
β
j ] ⊂ δ
αβgαi+j .
The symmetry algebra of equation (1) is the semi-direct product
g = s⋄ ⋉ s∞, where (ai ≃ Q)
s∞ = (a
′
0 ⊕ a
′
1)⊕ a
′′
0; s⋄ = (R
1
⋉R
1)⊕ (R1 ⋉R1).
Similarly, the symmetry algebra of equation (2) is the semi-direct
product g = s⋄ ⋉ s∞, where
s∞ = a0 ⊕ a1 ⊕ a2; s⋄ = sl2 ⋉ (R
2
⋊R
1).
The modified (Ba¨cklund equivalent) version of equation (1) is the
following equation, [5], (we again normalize λ = 1 by re-scaling)
uxuty = (ut + uz) uxy − uy uxz. (6)
Its symmetry algebra is the semi-direct product g = s⋄ ⋉ s∞, where
s∞ = a
′
0 ⊕ a
′′
0 ⊕ a
′′′
0 ; s⋄ = (R
2
⋊R
1);
The equations (1), (2), (6) have different symmetry algebras. But
equation (4), which is a modified version of (2), has the same symmetry
as (1). Although coincidence of symmetry algebras is only a necessary
condition for equivalence of two equations, in this case we obtain the
equivalence defined by (5).
Remark. In [3] we constructed symmetric integrable deformations of
some heavenly type equations. These also exist for the equations (1),
(2), (4) and (6) considered in this paper. For the first of them we have
such an integrable deformation:
uty − uzuxy + uyuxz + (Quy)y = 0, Q = Q(t, y, z).
This equation has a covering defined by system{
wy = λ uy wx,
wz = λ ((uz − λQuy)wx − wt) .
The functional parameter Q is (essentially) non-removable. Details of
this construction and information on other integrable deformations will
appear in a forthcoming paper.
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